A non-compact deterministic variational inequality which is used to prove an existence theorem for saddle points in the setting of topological vector spaces and a random variational inequality. The latter result is then applied to obtain the random version of the Fan's best approximation theorem. Several random fixed point theorems are obtained as applications of the random best approximation theorem.
Introduction
As an application of the generalized Knaster-Kuratowski-Mazurkiewicz (KKM) principle, we first establish non-compact deterministic variational inequalities. This result is then used to derive an existence theorem for saddle points in the setting of topological vector spaces. By employing a measurable selection theorem due to Himmelberg [5] , a random variational inequality is presented which in turn is applied to derive the random version of th best approximation theorem of Fan [4, Theorem 2] . Finally, as applications of our random best approximation theorem, several random fixed point theorems are given. These results improve and unify corresponding results in the literature.
In this paper, all topological spaces are assumed to be Hausdorff, unless otherwise specified. Let X be a non-empty set. We denote by (X) the family of all non-empty finite subsets of X and by )(X), the family of all non-empty subsets of X. If X is a non-empty subset of topological space Y, the notations OyX (in short, OX) and iuty X (in short, int Y) denote the boundary and the relative interior of X in Y, respectively and X c := {x E Y:x X}. If A is a subset of a vector space E, the convex hull of A in E is denoted by coA. We denote by N and the set of all positive integers and the real line, respectively.
A measurable space (, E) is a pair, where fl is a set and E is a a-algebra of subsets of ft. If X is a topological space, the Borel r-algebra (X) is the smallest a-algebra containing all open subsets of X. If (I, E1) and (2, E2) are two measurable spaces, the space (1 x denotes the smallest a-algebra which contains all the sets of A x B, where A E El, B 6 E 2. We note that the Borel a-algebra /(X 1 xX2)contains fl(Xl)(R)fl.(X2)in general. A mapping f: 1--2 is said to be (El, E2)-measurable if for any B 6 E2 fl-(B): = {x 6 fix: f(x) Let X be a topological space and F: (, E)-.P(X) a correspondence (mapping). Then (1) (x, y) < (x,y) for each (x,y) X x Y; (2) for each fixed x G X, the mapping y--(x,y) is lower semicontinuous on each non-empty compact subset C of Y; (3) there exist a non-empty compact subset X 0 of X, a non-empty compact convex subset
Yo of Y and a non-empty compact subset K o of Y such that for each non-empty subset (Xl,...,Xn} Q X, there exists a non-empty finite subset {Yl,'",Yn} C Y satisfying that the restriction of to co(X 0 U {Xl,...,xn} x co(Y 0 U {Yl,"',Yn}) is 3"-generalized quasiconcave on co(X o U {Xl,.. "'Xn}); (4) We claim that : P(K) is measurable. Let D" {xn: n-1,...} be a countable dense subset of K, since K is metrizable and compact. 
for each (w, x, y) flx X x X. Because (w, x) is non-empty compact, the mapping (w, Note that y I x(gi(w)) there exists z X and c > 0 such that y = gi(w)+ c(z-gi(w)), so that y X; otherwise a contradiction to the choice of gi(w) would result. Without loss of generality, we assume that c>l. Then z: =y/c+(1-1/c)gi(w)=(1-fl)y+gi(w), where fl=l-1/c and 0</3<1. Let wE(w, gi(w)) such that I[gi(w)-w[I -infue(,gi()) [[gi (w)-u[[ d((w, gi(w) ),X 
